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Abstract

Firstly, the mathematical model of planar double inverted pendulum was established by means of analytical dynamics
method. Based on the linear quadratic optimal theory, LQR self-adjusting controller was presented with optimize
factor. Further the output of LQR controller is refined through optimize factor which is the function of the states of
planar pendulum, and on account of that, control action exerted on the pendulum is improved. Simulation results
together with pilot scale experiment verify the efficacy of the suggested scheme. The results show that the controller
designed is simple and real-time is good in the lab. Moreover it can ensure fast response, good stability and
robustness in the different operating conditions.
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1.Introduction

Inverted pendulum system has the characteristics of nonlinear, redundancy, uncertainty, strong
coupling and the natural characteristics of instability. All these features make it the ideal model of
advanced control theory and typical experiment platform of test control results. With the development of
control theory, fuzzy control, variable structure control, energy control'', adaptive control methods are
generally accepted, In recent years, compound control combined several control methods become central
issue of inverted pendulum control research, and can take full advantage of their strengths. Scholars from
various countries has done many studies™® on inverted pendulum control, These control methods have
some limitations, At the same time more complex control algorithm, the worse the effect of real-time
control, will also increase the difficulties of implementation.

This paper analyzes the characteristics of planar inverted pendulum, based on the linear quadratic
optimal theory, optimal controller is designed. Only in control of this controller, control effect of the
inverted pendulum is not good enough, LQR self-adjusting controller with optimize factor is presented. It
automatically adjust the size of control according to actual conditions, further the output of the LQR
controller is refined through optimize factor, which is the function of the states of planar pendulum, and
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control action exerted on the pendulum is improved. It is easy to achieve stable control of inverted
pendulum.

2.Mathematical model of inverted pendulum

This object of study is Googol company GPIP2002 planar inverted pendulum. The mathematical model
of planar double inverted pendulum is established by means of analytical dynamics method, Inverted
pendulum system is mainly made up of controlled object, the direction of horizontal rails, servo motor,
drive shaft and electric drive equipment. Control object is composed of the car, the downside pendulum,
the upside pendulum, and two rotation shafts which connected to the car and pendulums, and shown in Fig.

1. Based on the fulcrums of pendulum, coordinates 0,X,y,z, and 0,X,y,z, are established. In condition

of ignore effects of air resistance and friction, etc. Planar inverted pendulum can seen as be comprised of
car platform, shaft mass, the uniform downside pendulum and the uniform upside pendulum.

Figure 1. Schematic of planar double inverted pendulum.

The basic parameters are defined as follows:/;, /,are the length of the downside pendulum and the
upside pendulum respectively. 71, , m, are the quality of the downside pendulum and the upside pendulum

respectively. m, is the quality of link mass which link to the pendulum. M , M ,are the quality of the
platform motion part and swing bearing of X direction and Y direction respectively. Specific values are:
[,=0.2m, [,=0.55m, m, =0.06kg, m,=0.13kg, m,=0.27kg, g=9.8 m/s*.

In this paper, differential equation of inverted pendulum system is established by the Lagrange
equation'”’, Lagrange operator as follows:

L(C],Q):T(Q,C])—V(Q,Q) (1

where ¢ is generalized coordinate of system. 7 is kinetic energy of the system. V" is potential energy of

the system. From the generalized coordinates ¢ and L , Lagrange equations can be expressed as:
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where I is system variable label, i =1,2, ..., n,q={q,,q,,q, ...} is generalized variable, 7, are system

generalized external forces of along the direction of generalized coordinate. For planar double inverted
pendulum, the generalized coordinates are: x,) ,(,, ﬁl 0, ﬁz . The total kinetic energy of the system

18:

r=1,+T7,+T, +T,

V=rv,6,+V +V +V
The total potential energy of the system is: M ™ i s

Relevant parameters are used in (1), Since the external forces of the generalized coordinates ¢, , ﬁl,
a, , ,32 is zero, and equations can be established by (2). OZI , ,Bl, 0'22 , Bz are worked out. In the

equilibrium position (q=q=0), the Taylor series expansion of ¢, , ﬂl , O, Bz and linearization are

executed, parameter values are brought into, decoupled state equations in X and Y directions of double
inverted pendulums respectively are solved.

X, =AX +Bu,

o €)
Y‘C = C.XX.X
X =4 X +Bu,

y V V Yoy (4)

Yy = CyXy
where control actions of X and Y direction are U, = X, u, = ¥, State variables are:
. . -
X =[x0,0,,x,0,,0,] ,

Xy =[y,ﬂ1,ﬁ2,)'/,,5'1,ﬁ'2]T'

0 0 0 100 0
0 0 0 010 0
4n 0 0 0 001, | o |C=diagLLLLD, 4, =4, B, =B,
00 0 000> 1
0 502235 —147272 0 0 0 ~5.1248
0 —50.8008 494875 0 0 0 5.1929
C,=C..

From state equations, linear models in X and Y directions of double inverted pendulums have been
decoupled respectively, and can be controlled separately. Each system has one input, six outputs, the
control object is greatly simplified. Controllability principle can be applied to verify the controllability of
the system.
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3.Design of LQR Self-adjusting controller

After Linearization of the mathematical models, linear optimal control theory is applied to design LQR
controller for the state equation of X direction™. Y direction uses the same control algorithm. For the form
as (3), state feedback control can be find:

u(t) =—Kx(t) (%)

So as to minimize the performance index function
T;.
_1 T T
J=2 j X ()0x(t) +u” ()Ru(®))dt  (6)
0

where () is semi-definite matrix, R is positive definite matrix,  and R are the weighting matrixes of

state variables and input variables respectively. For the smallest performance index function, at first
Hamilton function is constructed, derivation of this function was obtained and make it equal to zero,
which can determine the optimal control rate:

u(t)=—Kx(t)=—R™"'B" Px(t) 7)

where P is the only positive definite symmetric solution which meet the Riccati equation PA+ATP-PBR-
IBTP+Q=0.

When the system is stable, inverted pendulum control objective is that the downside pendulum and the
upside pendulum are upright, the car is at the central. So according to actual situation, control strategy
should be stabilize the upside pendulum as a priority, the downside pendulum second, and final control car
displacement. After extensive simulation, when Q=diag[200,300,400,1,1,1],R=1, by means of MATLAB
simulation , LQR state feedback gain matrix is calculated, that is K=[14.14, 76.03, 191.54, 15.77, 29.53,
33.03].

In general, LQR controller is designed on the basis of the weighting matrixes Q and R. system
performance reach to optimal in such conditions. But there are ways to optimize its control action”.The

output of the LQR controller is refined through optimize factor (a — be_‘x‘) ,(@a>0,b>0)in this paper ,

and the basic principle is shown as Fig. 2. The controller can adjust the size of control action adaptively
according to the change of state variables, and ensure that system have fast response and robustness.

®
e Output y
Optimize Control
B B . >
Inputt g - LQR factor object ~

Figure 2. Schematic of LQR self-adjusting controller.

According to optimize factor expression (a —be_‘x‘) , when the system is unstable, state variable

such as the upside pendulum angle will increase, e_‘x‘ also will decrease with it, and optimize factors will

increase at this time and strengthen control action. This make for stabilize inverted pendulum faster. When
the inverted pendulum gradually stabilized, state variable such as the upside pendulum angle will decrease

e_‘x‘ also will increase with it, and optimize factors will decrease at this time and weaken control action.
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This can avoid excessive vibration of inverted pendulum and reduce the system error. The system is more
stable. But the parameters a and b in factor need to be optimized according to actual situation.

4.Experimental results
4.1.Simulation results

According to the state equation of inverted pendulum, simulation model can be constructed in the
SIMULINK environment''”. When State variable of optimize factor refer to the upside pendulum angle, at

this time, and initial state Equal to zero, After several simulation, optimize factor (a —be_‘x‘) parameter

a=1.95,b=0.5,K=[14.14, 76.03, 191.54, 15.77, 29.53, 33.03], the displacement of car can track unit step
signal, downside pendulum and upside pendulum reach to stable within the 3s. Simulation curves of car
displacement, downside angle and upside angle are shown in Fig. 3, 4, 5.

Carry out square wave signal tracking experiment in the zero state conditions, square wave signal
amplitude is Im, frequency is 0.004Hz. The simulation curve of displacement is shown in Fig. 6. From the
figure we can see that Fast response of LQR self-adjusting controller is better than general LQR controller
and system have has better stability.
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Figure 3. Simulation curves of displacement.

Figure 4. Simulation curves of downside angle
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Figure 6.

When the external disturbance
angle is 0.2rad, car displacement
shown in Fig. 7.
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Figure 5. Simulation curves of upside angle.
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Simulation curves of displacement tracking square wave.

is zero, and initial state is [0, 0.2, 0, 0, 0, 0], at this time the downside
and the upside angle are zero, response curves of system zero input are
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Figure 7. Simulation curves of state variables.

4.2.Real-time results

Based on the simulation, real-time control test is implemented by using Real-Time Workshop (RTW)

in SIMULINK. The control object

is GPIP2002 inverted pendulum system. Dynamic Link Library (DLL),

which are developed from interface MEX generated by Visual C++, is the communicate intermediary of
MATLAB and PCI data acquisition card. Simulation model and M documents are drawn up to achieve the
user's own control algorithm. Control parameters are modified easily.
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Planar inverted pendulum has no ability to swing automatically, need to manually put up the pendulum
to the equilibrium position. When real-time control module was to be started, release the pendulum pole
after exert control action to car, the pendulum will maintain balance in control of computer. Fig.8, 9, 10
show real-time curves of displacement, downside angle and upside angle in control of LQR self-adjusting
controller respectively, From the figure we can see that the displacement range is between [0.011, 0.019]m,
the downside angle range is between [-0.02, 0.01]rad, the upside angle range is between [-0.015, 0.015]rad,
control action u range is between [-30, 30],The controller has good control effect.
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Figure 8. Real-time curves of displacement.

Figure 9. Real-time curves of downside angle.

0o01s

0.01 q

0.005

Upside angle[rad]
o

-0.005

-0.0$15 . . . .
45 45 47 45 49 &0
Tirmels]

Figure 10. Real-time curves of upside angle.
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5.Conclusions

The mathematical model of planar double inverted pendulum is established by means of Lagrange
equation. LQR self-adjusting controller is proposed in this paper, and has good control effect. The
simulation model is constructed in SIMULINK, which can reduce the programming effort and easily
change the control parameters. This LQR self-adjusting controller has successfully achieved the control of
inverted pendulum physical system by using RTW which calls dynamic link library. The controller this
paper presented simplifies the control algorithm and has good real-time. Experimental results show the
effectiveness of the design.
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